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1. Introduction 

We state the following double problem: 

Does there exist an algorithm which to each Diophantine equation assigns 

/ number of solutions 
an integer which is greater than the \ solutions in non-negative 

integers, if these solutions form a finite setl 

If we assume Matiyasevich's conjecture on single-fold Diophantine 
representations, the answer to both questions is negative, see Theorem [T] If we 
assume the author's conjecture on integer arithmetic ( filOil ). the answer to both 
questions is positive, see Theorem |2l 

2. Matiyasevich's conjecture vs the author's conjecture 

The Davis-Putnam-Robinson-Matiyasevich theorem states that every 
recursively enumerable set At c N" has a Diophantine representation, that is 

(ai, . . . , a„) e A1 <=^ 3jci, . . . , e N . . . ,a„,Xi, . . . , JCm) = (R) 

for some polynomial W with integer coefficients, see [5] and The 
polynomial W can be computed, if we know a Turing machine M such that, for all 
(ai, . . . , a„) e N", M halts on (ai, . . . , a„) if and only if (ai, . . . , a„) e M, see [|5l 
and 01. 
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The representation (R) is said to be single-fold if for any ai, . . . , a„ G N the 
equation W(au . . . ,a„,Xi, . . . , x,„) = has at most one solution (xi,..., x,n) e N'". 
Yu. Matiyasevich conjectures that each recursively enumerable set A1 c N" has 
a single-fold Diophantine representation, see [2^ pp. 341-342], [6, p. 42], and 



Let [■] denote the integer part function, 

En — =1) Xi + Xj = Xlc, Xi • Xj = Xlc '. i, j,k E. {1, . . . , n}} 

Before the main Theorem [H we need an algebraic lemma together with 
introductory matter. Let D(xi, . . .,Xp) e Z[xi, . . .,Xp]\ {0}. A simple 
algorithm transforms the equation D{xi , . . . , Xp) = into an equivalent 
equation A(xi, ...,Xp) = B(xi, Xp), where the polynomials A{x\, ...,Xp) and 
B{xi, . . . , Xp) have non-negative integer coefficients and 

A(xi,...,Xp) i {jci,...,Xp,0} A5(jci,...,Xp) ^ {xu . . . ,Xp,Q,A{xu . . . ,Xp)\ 

Let 5 denote the maximum of the coefficients of A{x\, . . . , Xp) and B{x\, . . . , Xp), 
and let T denote the family of all polynomials W{xi, . . . , Xp) e 7,[xi, . . .,Xp] 
whose coefficients belong to the interval [0, 6] and 



for each ie{l,...,p}. Here we consider the degrees with respect to the 
variable Xj. Let n denote the cardinality of T. We choose any bijection 



such that t(p -I- 1) = 0, t(p -i- 2) = A(xi,. . . , Xp), and t(p -i- 3) = B{xi, . . . , Xp). Let 
'H denote the family of all equations of the form 




T : {p + l,...,n} 



T \ {xi, . . . , Xp} 



Xi = \, Xi + Xj = Xk, Xi • Xj = Xk (i,j,ke{l,..., n}) 



which are polynomial identities in Z[x\ , . . .,Xp]if 



e {p + \, . . . ,n} Xs = t{s) 



Since T{p -I- 1) = 0, the equation Xp+i + Xp+i = Xp+i belongs to "H. Let 



5 - U {xp+i + Xp+2 - 
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Lemma 1. The system S can be computed, S Q E,^, and 



Vjci, . . . e N {D{xi, . . . 



, Xp) = 




...,Xn) solves S 



For each xi, . . . ,Xp eM with D(xi, . . ., Xp) = there exists a unique tuple 
(jCp+i ,Xn) G N""^ such that the tuple {x\, . . Xp, Xp+i, . . . ,x„) solves S . Hence, 
the equation D(xi, . . . ,Xp) = has the same number of non-negative integer 
solutions as S . 

Theorem 1. If Matiyasevich 's conjecture is true, then for every computable 
function / : N — > N there is a positive integer m(f) such that for each integer 
n > m{f) there exists a system U Q E„ which has exactly f{n) solutions in non- 
negative integers x\, . . .,Xn. 

Proof. By Matiyasevich's conjecture, there is a non-zero polynomial 
W{xi,X2,x^, . . . ,x,) with integer coefficients such that for each non-negative 
integers Xy, X2, 



and at most one tuple {xi,, . . . ,Xr) &W ^ satisfies 'W{x\,X2-, x^,..., x,) = 0. By 
Lemma[Il there is an integer s>l) such that for each non-negative integers x^, X2, 



where the formula '^{x\,X2,x^, . . . ,Xs) is algorithmically determined as 
a conjunction of formulae of the form = 1, Xi -I- xj = Xk, Xi • xj = Xk 
(ij,ke {l,...,5})and 

(SF) for each non-negative integers xi, X2, at most one tuple (^3, . . .,Xs) e W^'^ 
satisfies ^{x\,X2, x^,. . . , x^). 

Let m(/) = 12 -I- 25. If n > m(/) and f{n) = 0, then we put U = £„. Assume that 
n > m{f) and f{n) > 1 . For each integer n > m(f). 



Xl = f{X2) 



3^3, . . . , e N W{Xi,X2, X^, . . . , Xr) = Q 



X\ = f{X2) 



3x3, . . . , e N X2, X3, . . . , Xs) 



(E) 



- - 6 - s > m{f) - 



m(f) 



- 6 - s > m(f) - 



m(f) 



-6-5=0 



n - 



2 



2 
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Let U denote the following system 



all equations occurring in ^{x\,X2, Xt,,. . ., x^) 
n - [^ij - 6 - i' equations of the form z, = 1 

h = 1 

ti + h = h 

w + y = X2 

y + y = J (if n is even) 

y = 1 (if n is odd) 

t = 1 

z + t = X\ 

u + v = z 

with n variables. By the equivalence (E), the system U is consistent over N. If a 

n-tuple (xi,X2,xi„ . . . ,Xs, . . . ,w,y,t,z,u,v) consists of non-negative integers and 
solves U, then by the equivalence (E), 



x,=f(x2) = f(w + y) = fl2- 



n 
L2 



+ y\ = f{n) 



Hence, the last three equations in U, together with statements (E) and (SF), 
guarantee us that the system U has exactly f{n) solutions in non-negative 
integers. □ 

The following Conjecture contradicts to Matiyasevich's conjecture, see [fTOll . 

Conjecture ( lITOl . [[I]). If a system S c E„ has only finitely many 
solutions in integers xi,...,x„, then each such solution (xi,...,x„) satisfies 

\Xi\,...,\Xn\<2^ . 
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Observation. For n>2, the bound 2 cannot be decreased because the system 



X\ -\- X\ - 


= X2 


X\ • X\ - 


= X2 


X2 ' X2 - 


= 


X3 ■ X3 - 


= X4 




X,i 



has exactly two integer solutions, namely (0, . . . , 0) and 
2,4, 16, 256,..., 22 ,2^ J. 

Every Diophantine equation of degree at most n has the form 

^ a(ii,...,ik)-x\^ • ■■■■xl'' = (1) 

/i,...,4 e{0,...,n} 
ii + . . . + ik < n 

where a(ii, . . . , 4) denote integers. 

Theorem 2. ( tUW ) The Conjecture implies that if a Diophantine equation ([7]) has 
only finitely many solutions in integers (non-negative integers, rationals), then 
their heights are bounded from above by a computable function of 

max({fc, n} U \\a{ii, 4)| : (/i, . . . , 4 e {0, . . . , n}) A (4 + . . . + 4 < n)}) 

Corollary. The conclusion of Theorem [7] and the Conjecture are jointly 
inconsistent. 

3. Without unproven assumptions 

Theorem 3. For each integer n >2 and each integer m > 3 + 2 ■ [log2 (n - 1 )] 
there exists a system U Q {xi = \, Xi + xj = Xk '■ i, j,k e {I, . . .,m}} which has 
exactly n solutions in non-negative integers xi, . . . ,Xm- 

Proof. The equation x + y = n - I has exactly n solutions in non-negative integers 
X, y. In order to write the equation x + y = n - I as an equivalent system of 
equations of the form Xj = 1, Xf + Xj = x^, we assign new variables to 1, x, and y. 
Starting from 1, we can compute n - 1 by performing at most 2 • [log2 (n - 1)] 
additions. Applying this observation, we find an equivalent system which contains 
at most 3 + 2 ■ [logj {n- 1)] variables. If the found system contains less than m 
variables, then we declare that the missing variables are equal to 1. □ 
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Theorem 4. For each positive integer n and each integer 
m> 11 + 2 • [log2(2n - 1)] there exists a system U Q which has exactly 
n solutions in non-negative integers x\,. . .,Xm and at most finitely many solutions 
in integers xi, . . . ,Xm- 

Proof. For each non-negative integer n, the equation (2x + 1)^ + (2y)^ = 5^" ~ ^ 
has exactly n solutions in non-negative integers, see [SJ. In order to write the 
equation (2x -1-1)^-1- (2y)^ = 5^" ~ ^ as an equivalent system of equations of the 
form Xi = 1, Xi + Xj = Xk, Xi ■ xj = Xk, we assign new variables to 



1, 2, 3, 5, X, x+l, 2x+l, {2x+lf, y, 2y, (2yf 

Starting from 5, we can compute 5^" ~ ^ by performing at most 2 • [logj (2n - 1)] 
multiplications. Applying this observation, we find an equivalent system which 
contains at most 11 -I- 2 ■ [log2(2n - 1)] variables. If the found system contains 
less than m variables, then we declare that the missing variables are equal to 1 . □ 

Theorem 5. For each integer n> A and each integer m >S + 2 ■ [logj (n - 3)] 
there exists a system U Q E,„ which has exactly n solutions in integers xi, . . . , x,„. 




if ? is even 
if t is odd 

For each non-negative integer n, the equation D{n, x,y) = has exactly n integer 
solutions. 

n-2 

Case 1: ne {4, 6,8,.. .}. In order to write the equation x - y = 2 2 as an equivalent 
system of equations of the form jc,- = 1, Xi + xj = Xk, Xi ■ xj = Xk, we assign new 

n-2 

variables to 1 , 2, x, y. Starting from 2, we can compute 2 2 by performing at most 
2 • [log2 (^)] multiplications. Applying this observation, we find an equivalent 

system which contains at most 4 + 2 • [logj (^)] variables. Since 



4 + 2 



= 2 + 2 • [log2 (n - 2)] < 8 + 2 • [log2 (n - 3)] < m 



the found system contains less than m variables. We declare that the missing 
variables are equal to 1 . 
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Case 2: n 6 {5, 7,9,...}. In order to write the equation [x -y - 2 2 ^-[x^ +y^^ = 

as an equivalent system of equations of the form jc, = 1, Xi + Xj = Xk, xt ■ xj = Xk, 
we assign new variables to 

1, 2, X, y, x-y, x-y-T^, x^ • j - 2^) • (x^ + /) 

Starting from 2, we can compute 1~ by performing at most 2 • [logj (^)] 
multiplications. Applying this observation, we find an equivalent system which 
contains at most 10 + 2 ■ [log2 (^)] = 8 + 2 ■ [log2 in - 3)] variables. If the found 
system contains less than m variables, then we declare that the missing variables 
are equal to 1 . □ 

Let 

D{x, u,v,s,t) = (u + v - x + \ f + (2" - sf + (T - tf 

For each non-positive integer k, the equation D{k, u, v, s,t) = has no integer 
solutions. For each positive integer k, the equation D(k, u, v, s,t) = has exactly 
k integer solutions. 

Let 

D(x, u, V, s, t) = 8(m^ + + / + + 1) - X 

For each non-positive integer k, the equation D{k, u, v, s,t) = has no integer 
solutions. Jacobi's four-square theorem says that for each positive integer k the 
number of representations of ^ as a sum of four squares of integers equals ^s(k), 
where s{k) is the sum of positive divisors of k which are not divisible by 4, see [|3l. 
By Jacobi's theorem, for each prime p the equation D(S(p + 1), m, v, s,t) = has 
exactly 8(p -I- 1) integer solutions. 

Open Problem. Does there exist a polynomial D{x, xi, . . . , Xn) with 
integer coefficients such that for each non-positive integer k the equation 
D(k,xi, . . . ,Xn) = has no integer solutions and for each positive integer k the 
equation D{k, x\,. . ., x„) = has exactly k integer solutions? 

Let the polynomials Pk{^) are defined by the recurrence 
= AP,,{x){l - Pdx)) with P^,{x) = X. 

Lemma 2. For each non-negative integer k, the polynomial 1 - 2Pi^(x) has exactly 
2^ distinct real roots. 
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Proof. A brief calculation leads to the equality 

1 - IPkix) = cos(2'^ • arccos(l - 2x)) (2) 

where x e [0, 1] and k ranges over non-negative integers, see ["9^, p. 60]. For 
/ e {0, . . . , 2^" - 1 }, the numbers 



l-cos'4'" + 



yt+l 



1..) 



2 

are pairwise different and belong to (0, 1). Equation (O implies that these numbers 
solve the equation 1 - 2Pk(x) = 0. Since deg(l - 2Pk(x)) = 2'^, no other solutions 
exist. □ 

Theorem 6. For each positive integer n there exists a positive integer T(n) and 
a system U Q ET(n) such that U has exactly n solutions in reals .^i, . . . , Xr(n) and 
T{n) grows linearly with [log2 (n)]. 



Proof. Let 



[log2 (n)] 
k = Q 



where all a^ e {0, 1}, and let 



2 



Wnix, y)= W (1 - 2P,{x)f + {y-k) 

ke{0,..., log2(n)]} 
ak = 1 

By Lemma |2l for each e {0, . . . , [log2 (n)]} the equation 
{I - 2Pj,{x))^ + (y - k)^ = has exactly 2*^ real solutions {x,y) and each of 
them satisfies y = k. Therefore, the equation Wn(x,y) = has exactly 

Z ^'=^ 

k€{0,...,[\og^in)]} 
ak = 1 

real solutions. From the definition of polynomials Pk{x), it follows that the 
equation Wnix,y) = can be equivalently written as a system of equations of the 
form Xi = 1, Xi + Xj = Xk, xt ■ xj = Xk in such a way that the number of variables 
grows linearly with [log2 (n)]. □ 
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